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Equilibrium crystal shape of hard squares with diagonal
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560, Japan
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Abstract. We exactly calculate the anisotropic interfacial tension of a square lattice gas model
with neatest-neighbour exclusion and next-nearest-neighbour attractions. This is achieved by a
method which introduces the shift operator into the standard transfer matrix argument. From
the calculated anisotropic interfacial tension the eguilibrium crystal shape (Ecs) is derived by
the use of the Wulff construction. The Ecs is a closed curve in the X-¥ plane, represented
as cosh[A(X + ¥)/kgT] - A3 cosh[A(X — ¥)/kaT]1 + A¢/2 = 0 with a scale factor A and
constants Az, A4. We argue that this shape is a universal on¢ which appears as the ECss of a
wide class of models.

1. Introduction

In connection with the roughening transition phenomena the equilibrium crystal shape (ECS)
has attracted much attention [1]. A traditional method for finding the ECS is the Wulff
construction {2}, where the interfacial tension with its full anisotropy (anisotropic interfacial
tension) is needed. A statistical mechanical model is solvable if it yields a parametrized
family of solutions to the Yang—Baxter equation [3,4]. We have many such solutions to
the Yang—Baxter equation and hence many solvable models [4]. Within the framework of
the standard transfer matrix argument [3], we can obtain the interfacial tension of solvable
models along a special direction. Analysis of the anisotropy, however, is a very complicated
problem there. Recently, we developed a new method for finding the anisotropic interfacial
tension [5,6]. The new method introduces the shift operator into the standard transfer matrix
argumert.

In a previous paper [7] we calculated the anisotropic interfacial tension of the eight-
vertex model using the shift operator method. From the anisotropic interfacial tension we
derived the BECS via the Wulff construction. The ECS of this model is represented as

2+ 1+ AP+ )+ APag =0 C (L.1a)
with
¢ =(—AX/kgT) B =(~AY/kT) (1.15)

where (X, ¥) is the position vector of a point on the ECS and A is a scale factor. The eight-
vertex model contains the square lattice Ising model and the six-vertex model as special
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limits with respect to a parameter g [3]. Showing that the coefficients Agsw) and Aff") are
independent of g, we extend the fact that the ECSs of the square lattice Ising model and the
six-vertex model are essentially the same [8]. Equation (1.14) is a symmetric biquadratic
relation between @ and 8. The symmetric biquadratic relation is naturally parametrized
in terms of the Jacobian elliptic functions. We pointed out that an elliptic function p(v)
in the expression of the interfacial tension is directly related to the sn function in this
parametrization. (For definition of p(v), see (3.11) of {7].) In other words, the symmetric
biquadratic relation (1.1a) is a source of the elliptic function p(v).

In solving the hard-hexagon model, Baxter [3,9-11] considered a square lattice gas
model with nearest-neighbour exclusion (thus ‘hard-squares’) and next-nearest-neighbour
interactions: an occupation number o; (= 0, 1) is assigned to each site i of a square lattice;
o; = 0 if the site | is empty; o; = 1 if the site 7 is occupied by a particle. When occupation
numbers around a face are a, b, ¢ and d counterclockwise starting from the bottom-left
comner, the Boltzmann weight of the face is

(@+brotd) /4, KactLbd —a+b—c+d ot
Wi(a,b,c,d) = [mz ° ! ifab=bc=cd =da

0 (120)
otherwise

There are five independent Boltzmann weights around a face:

w = W(0,0,0,0) =m

wy = W(1,0,0,0) = W(0,0, 1,0) = mz/4/¢

w3 = W(0,1,0,0) = W(0,0,0,1) = mz'/* (1.2b)
w = W(1,0,1,0) = mz'%eX /12

ws = W(0, 1,0, 1) = mz!/%els?

In (1.2) m is a trivial normalization factor and ¢ is a parameter which cancels out of the
partition function. For given values of one-particle activity z and diagonal interactions K,
L, we can determine the thermal equilibrium state of the hard-square model. In the three-
dimensional (z, K, L) space this model is solvable on a two-dimensional manifold defined
by

z=(1—e¥)(1 —ety/(e*+t — ek —eb) (1.3)

Baxter divided the manifold (1.3) into six regimes I-VI1,

The connection between p(v) and (1.1a) in the eight-vertex model makes the ECSs of
regimes III and IV very interesting. The manifold (1.3) corresponds to regimes Il and IV in
the case of attractive diagonal interactions: K, L > (0. Regime I is a first-order transition
surface separaiing a disordered fiuid phase and ¢(2 x 2) ordered solid phases, where one of
the two sublattices is preferentially occupied by particles [11, 12]. Regime IV is an analytic
continuation of regime I beyond a line of tricritical points but lies entirely in the ¢(2 x 2)
ordered solid phase. For regimes III and IV Baxter and Pearce (BP) [11] calculated the
interfacial tension along a special direction by standard transfer matrix argument. In both
regimes the interfacial tension is expressed in terms of essentially the same elliptic function
as p(v}. In the present paper we investigate the ECSs of regimes Iil and IV. The anjsotropic
interfacial tension of regimes Il and IV is found by the shift operator method. Then, the
ECSs are derived via the Wulff construction. The shift operator method is also used to
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show a simple thermodynamic relation between the anisotropic interfacial tension and the
anisotropic correlation length,

- The layout of this paper is as follows. In section 2 we are concerned with regime IV,
and in section 3 regime III. Finally, section 4 is devoted to a summary and discussion,
where we argue that (1.1) is a universal shape which appears as the ECSs of a wide class of
models.

2. Regime IV

2.1. Anisotropic interfacial tension

In this section we consider a system where two ¢(2 x 2) ordered solid phases coexist with
a phase separation line (or an interface). We denote the interfacial ténsion between the
two solid phases by y (S — §). We start with reviewing the analysis of y(§ — ) by BP
[£1], where its anisotropy does not enter. Suppose a square lattice of M columns and N
rows with periodic boundary conditions in both directions. When M = 1 (mod 2) and
N = 0 (mod 2), reflecting the existence of a mismatched vertical interface (figure 1(a)),
extra factors appear in the largest eigenvalues of the transfer matrix. BP obtained y(§ — §)
along the vertical direction from the extra factors.

(@ (b)

Figure 1. Mismatched vertical seam (or interface) in the x -» 0 limit. (¢) When M =1
(mod 2) and N = 0 (mod 2), there exists a mismatched vertical interface in the system. () The
shift operator is inserted into a system with a mismatched vertical interface. The shift operator
tilts the interface by moving the endpoint on the first row from that on the (¥ + 1)th row along
the horizontal direction,

To find the anisotropy of (S — §5), we repeat the argument in sections 3.1 and 3.2 of
{5]. We tilt the vertical interface by inserting the shift operator into the lattice (figure 1(2)).
The shift operator has the effect of moving the particle configuration on a row to the right
along the horizontal direction by a lattice spacing. It is convenient to define the transfer
matrices T(w) {10} as ’

_ on(w)
wa(w)ws(w)

MM .
Tw)eor =[ ] [ Wi, 0, 074, oflw) @.1)
i=1 -
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where o = {6y, 09,...,04} and ¢’ = {0{, 05, ..., 0},} are the particle configurations of
two successive periodic rows of M sites; the five Boltzmann weights ws in (1.2b) are
parametrized by (3.11) of [10] with | <« w < x™? and —1 < x < 0. In the w — 1 limit
T(w) reduces to the shift operator. By the use of T(w), the anisotropic interfacial tension
is represented as

—_ 1 N
— (S —8)/keT = Ig,ljlm N m M!CMN(w) T T()T(1)"]

= i v .

i = m M:cMN( ) Ztr @) T, ()7 (2:2a)
where the limit is taken under the conditions that M = 1 (mod 2) and N(1 +1n) = 0
(mod 2), with # fixed to be constant; T,(w) (p = 1,2,...) is the pth eigenvalue of T(w)
in decreasing order of magnitude; «(w) is the partition function per face, given by

k() = lim T'" ). (2.2b)
M—o0
The explicit forms of T,(w) were determined in section 3.1 of BP. Substituting them
into (2.2), we get

1

— - N N _
rS=S) /T = Jin —sin d | Tewetwmetam @3

where
$(w) = w2 f (xw, x*) /f (xw™", x*) (2.44)
fo. @) =1-p [0 - pg1~plg"1—g". (2.4b)
=1

In the M — oo limit T,,(w)/:c“(w) and T,(1) in (2.2a) become ¢(w/b) and ¢(1/b),
respectively. We denote the continuous distribution of the eigenvalues on two sheets of

Riemann surface by p(&). The explicit form of p(P) is unknown. Here, it is sufficient to
assume its analyticity.

The integral in the right-hand side of (2.3) is estimated by the method of steepest
descent. It follows that

¥(§ = 8161)/kgT =cos8 Ingp(bs/w) +siné Ing(ds) —w/2 < 8, < mf2 (2.3)

where 6, is the angle between the horizontal direction and the normal direction of the line
connecting the two endpoints of the interface (figure 1{b)); n is related to 8, as

n =tané, (2.6)
and b; is a saddle point of [¢(w/B)@7(1/b)|, given by
Fleb, xH F(3b, xMY f(=xbjw, x) F (—x3b/w, x*)

tand) = — — ! - .
AL Fl=xb, x*) f (—x3b, x*) f (xb/w, x*) f (%3 /w, x*) |y, @7a)
with the condition
by = —xw 8 =0, {2.7b)

From the relation y (S — S|8, + 7) = ¥ (S — S|6.), it is found that the expression (2.5) is
analytically continued into — < 8. < 7, with b, regarded as a function of 6.
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2.2, Equilibrium crystal shape

We now draw the ECS in the X-Y plane. Suppose that a droplet of one solid phase whose

area is fixed to be constant is embedded inside a sea of the other solid phase. The ECS is

the droplet shape of the minimum energy obtained from the anisotropic interfacial tension
(S — §) via the Wulff construction {1, 2]:

AX =cos ¥(S — S|8) —sin8, dy(S — §|6,)/d8,

) (2.8)
AY =sind, y(§ — 8|0,.) +cosf, dy (S — S16,)/d8:,
where A is a scale factor adjusted to yield the area of the ECS; the position vector of a point
on the ECS, denoted by (X, ), is represented as a function of #,; (X, ¥) sweeps out the
ECS as 0, varies from —z to 7. Substituting (2.5) into (2.8), we get

AX/ksT =lng(bs/w)  AY/ksT =g (by). @9

Note that ¢(w) is essentially the same elliptic function as p(v) given by (3.11} of [71.
We can write (2.9) into the symmetric biquadratic relation (1.14), where the two coefficients
ASY and A% are replaced by

A = —wfxtw, x*) (xfw, x*) 210
AR = w2 £, 6 £, 5 a0, x4) F (wr?, %) '

and ¢(w) corresponds fo the sn function which naturally parametrizes the symmetric
biquadratic relation (1.1a). Comparing (2.10) with (4.22) of [7], we find that the ECS
(2.9) is identical to that of the eight-vertex model with

a® = —1/xw =y (2.11)

where a® and x®" are the variables of the eight-vertex model defined by (4.18%) and
(3.5) of [7], respectively.

2.3. Anisotropic correlation length

We suppose a sufficiently large lattice of M columns and N rows with periodic boundary
conditions in both directions [M = N = 0 (mod 2)]. The pair correlation function between
the site (0, 0) and the site ({, m} is expected to decay exponentially to zero as r = VE I m?
- becomes large. The correlation length § is defined by

(60001m) — (G0} (Oum) ~ rTe™ T/t asr — 00 (2.12)

where 7 is a constant and the limit is taken with the ratio m/i (= n = tané) fixed. BP
[11] calculated § for 8, = 0 to find that

1/8 =2y(8 —8)/ksT forg, =0 (2.13)
The correlation length § is dependént on the direction #;. In this section we extend the

analysis of BP into general directions. It is shown that the thermodynamic relation (2.13) is
satisfied for all 4;.
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Using the standard transfer matrix argument BP represented the expectation value of the
product ogoy, as

(0000tm} = 3 Sol1, p)Sm(ps DITp(w)/ Ty (w)) (2.14)
r

where Tp(w) (p = 1,2,...) is the pth eigenvalue of the transfer matrix T(w) given by (2.1)
in decreasing order of magnitude. For & = O, considering the | — oo limit with m =0
in (2.14), we can obtain & from the ratios between the largest and next-largest eigenvalues
of T(w). To find § for general 8, the coefficients .S'u(l p)S,,,(p, 1) are also important as
well as the ratios of the eigenvalues. Calculating So(1, p)S,(p, 1) is a very complicated
problem, however. As was shown in section 2.1 of [5], we can overcome this difficulty by
introducing the shift operator. Noting that T(w) reduces to the shift operator in the w — 1
limit, we rewrite (2.14) as

NN E 1 mE Tpw) (Tp(l) ”]‘ ,
o) = 25, 2oteo 0 [ 2035 () |- @.14)

Using expression (2.14%), we can calculate the anisotropic correlation length from the ratios
between the largest and next-largest eigenvalues of the transfer matrix T(w) and those of
the shift operator T(1).

Substituting the explicit forms of 7,(w) obtained in section 3.1 of BP into (2.14'), and
after some calculations, we find that

2
_ 75_1. = lim COSIQJ' ln{ (-—1—) o} p(bh ba)

o0 4xi 18y =1 by thy|=1 by

X [¢(Wbl)¢"(l/bl)]I[¢(w/bz)¢"(1/bz)]’} (2.15)

where ¢(w/b1)¢(w/b2) and ¢(1/b1)¢(1/b2) correspond to T,(w)/ Ti(w) and T,(1)/Ti(1)
in (2.14), respectively; the function ¢(w) is defined by (2.4). The summation in (2.14")
becomes integrals along umit circles on two sheets of Riemann surface because of the
continuous distribution of the eigenvalues in the M — oo limit. The function plb, ba) is
determined from the distribution of the eigenvalues and the coefficients So(l p)So(p, 1) in
(2.14"). Its explicit form is not important here.

We can estimate the integral in the right-hand side of (2.15) by the method of steepest
descent, which is the same calculation given in section 2.1. As a result, we get

1/8 =2y(S — S)/ kT forall 8.. (2.16)

3. Regime 1II

3.1. Anisotropic interfacial tension

In this and the following sections, the shift operator method in [6] is applied to the calculation
of the anisotropic interfacial tension of regime III. As mentioned in section 1, regime I
is a first-order transition surface where a disordered fluid phase and two (2 x 2) ordered
solid phases can coexist. Therefore, two types of interfacial tension are possible: one is the
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interfacial tension y(S — S) between the two solid phases; and the other is the interfacial
tension ¥ (F — S) between the fluid phase and a solid phase. Investigating ¥ (§ — §) is
too complicated a problem to be treated here. Analysis is restricted to ¥{F — 8). In this
section we explain the shift operator method to calculate the anisotropic interfacial tension
y{F — 5). We introduce two inhomogeneous systems; each inhomogeneous system consists
of two regions; one of the two regions works as the ‘column-column’ shift operator. For
each inhomogeneous system we examine a one-parameter family of commuting transfer
matrices [3, 10, 11]. The eigenvalues of the transfer matrix satisfy a functional equation. In
the next section, by solving the functioni'twquaﬁon, we obtain the anisotropic interfacial
tension ¥ (F — S). We shall use the parametrization of the five Boitzmann weights ws in
(1.2b) given by (3.14) of [10] with w and x (0 < x < 1).

We consider two inhomogeneous systems to define the anisotropic interfacial tension.
Suppose a square lattice of (1 4+ )M columns and N rows wound on a cylinder (M =
Mn = 0 (mod 2)). We also assume that w can vary from column to column. The value of w
between the jth column and the (j+1)th column is denoted by w;. The two inhomogeneous
systems are given by o

N F
Wi=wWy="--+=Wy =Wp Wyl = Wi = » = W4 = X

where x < wq < ! and r = 0 or 1, The inhomogeneous system with » = 0 is called (A),
and the system with r = 1 (B). Hereafter, thé new parameter wy is abbreviated to w.

&) B

Figure 2, Typical configurations of the inhomogeneous systems (A) and (B) in the x — 0 limit.
There exists an interface across the region wy = w for 1 € j € M. In the system (A) (or (B))
the region wy =1 (or x) for M + 1 < j £ (1 4+ »)M shifts the endpoint of the interface on the
{M -+ 1)th column from that on the first column downward (or upward) by nM lattice spacings.

We fix the boundary particle configurations of the inhomogeneous systems as follows;
% =1{0.0,...,0}  0y=1{0,1,0,1,...,0,1}

where oy and oy are the particle configurations on the top row and the bottom row,
respectively. Then, there exists an interface F—$§ across the region w; =wforl1 < j< M
(figure 2). In (A) (or (B)) the region w; =1 (or x) for M + 1 €.j < (1 + mM tilts the
-interface by shifting the endpoint on the (M + 1)th column from that on the first column
downward {(or upward) by nM lattice spacings. We represent the average tilt of the interface
by 6., which is the angle between the horizontal direction and the normal direction of the
line connecting the two endpoints of the interface. The parameter 7, is related to 8, by

(A) n=1/tan8; 0<8; <m/2 (3.1a)
(B) g =~1/tan@, wf2<B<m ' . (3.1b)
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Let Zyn(01) (0 < 6. < w) be the partition function of (A) and (B) with the boundary
conditions. The anisotropic interfacial tension is defined by

y(F —8161) = —ksT sinf) lim M~UIn[Zyn(0L)/NeMN-1 (3.2)
SN =D

where the limit is taken with 8 (or ) fixed to be constant; « is the partition function per
face in the region w; = w.

To calculate Zyn(f1) in (3.2), we construct a one-parameter family of commuting
transfer matrices for each inhomogeneous system [3, 10, 11]. The inhomogeneous systems
{A) and (B) are generalized: we set the w; to be

W) =wy = - =wy = wufx’ Wyt = W2 =+ = W4y = ¥

where r = 0 (or 1) for the generalized system (A) {or (B)); using the convention of r, we
deal with the inhomogeneous systems (A) and (B) in parallel. If ¢ = {0, 02, ..., Gptpul}
and o’ = {0, 03, ...,0(),,} are the particle configurations of two successive periodic
rows, the transfer matrix is defined by elements as

[TH]owr = [_ w1 (wy/x") ]M M

W{o;, o; o ellwe/x”
wa{wv/x )ews(wu/x") E (01, Oi41, Ty O [WU/XT)

May (I+mM
o {v
x| ] W (0 0121, s o0). 33

waas(v) ] o0
Unless otherwise mentioned, we regard v as a complex variable and x, w as constants
{0 < x < w < 1). For all complex variables v and v/, Tiy(v) and Ty(v") commute with
each other, being simultaneously diagonalized. We denote the eigenvalues of Tw(v) by
Tu(v). From the same derivation of (3.3) in [10], it follows that the eigenvalues Ty (v)
must satisfy the functional equation

T(0) T () = 1 + Tu(x%). (3.4)

We also find the periodicity relation
Ti(x*v) = Tiua(2). ' 33)

Assuming some analytic properties of the eigenvalues Tiy(v) and, using (3.4) and (3.5), we
can determine the explicit forms of Tiy(v). After the eigenvalues Tiy(v) are determined, we

can get the necessary infornation for obtaining the anisotropic interfacial tension by setting
v=x".

3.2. Anisotropic interfacial tension 2

Let us now calculate the eigenvalues 7iu(v). First, we consider the forms of Tju(v) in the
x — 0 limit, which give some useful insights into their large-3 behaviour. Then, using
the functional equation (3.4) and the periodicity relation (3.5), we determine the asymptotic
behaviour of Tpi(v) as M becomes large. From the asymptotic behaviour of Tm(v), we
can estimate the partition function in (3.2), The anisotropic interfacial tension is given by
the finite-size correction terms of the largest eigenvalues as M — o¢. Since methods are
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almost the same, we explain only the analysis for (A) with r = 0, and omit that for (B).
Calculation in this section is an extension of section 2 of BP [11].

 To obtain the anisotropic interfacial tension, we wish to investigate the largest
eigenvalues in the annulus x/w £ |v| € 1. There, a disordered fluid phase and two
e(2 x 2} ordered solid phases are degenerate. From this fact it is expected that a triplet of
the largest eigenvalues are asymptotically degenerate as M becomes large. Such eigenvalues
are found in the x — @ limit: In this limit there exist a tnplet of eigenvalues T+ (v) and
Tnex (v} which behave as

r

1 32w < ] < x7V? (3.6a)
Tt (V) ~ § En/2(—w)M/2 () 1M/ 2 =544 ‘
L x(1 =23 w1 = X3 fuy™ Coxtw <yl < x? (3.6b)
[ —1 32w < |v] < x~1/2 3.7a)
Tix (2) ~ § —(~wn)2(—p)m/ gl |
x(1 —x* fwo)M(1 — x3/py™ tw < Jv] < x? (3.75)

The factors 1 in (3.8a) and —1 in {3.7a) come from superpositions of a vacuum state
consisting of the face w; and complete ¢(2 x 2) ordered ones dominated by the faces wq
and ews. The right-eigenvectors corresponding to T4 (v) are

1 1 1
+) = — =1 = 3.8
) = —=100) £ 5110) £ 5101 | (338)
and the right-eigenvector corresponding to Ty (v) is
1X) = —=[10) - —=[01) 69
B A '

where [00) (respectively |10}, [01}) is a column vector which has entries 1 for the particle
configuration {0,0,...,0} (respectively {1,0, 1,0,:..,1, 0} {0,1.0,1,...,0,1}) and O
for the other particle configurations; transposing the right-eigenveciors gives the left-
eigenvectors. We identify Tip..(v) and T x(v) as the triplet of the largest eigenvalues
in the annulus x/w < |v| < 1 since they are indeed so in the x — O limit.

The eigenvalues Tiy...(v) are important for calculating the anisotropic interfacial tension
y(F = 8). When M becomes large, we determine the asymptotic behaviour of T+ (v) as
follows. In the beginning we find the leading terms of Tiy.+(v). The result (3.6) in the
x — 0 limit suggests that, for large M, Tiy.+(v) must be of the form ‘

T (0) ~ {1 3w < [y] < x71? (3.10)
H;+ WK ~ 2 fwr) (1 — 23 o x"‘/:_;.r <ol < x? (3.108)

where m is an integer and the function K(v) is analytic and non-zero in the annulus

x*/w < |vl < x%. Consider the annulus x*/w < [v} < x2. Then, substituting (3.10)

into (3.4) gives

”’(xv)'”K(v)K(xv)(l 2wy (1 = x2w) (0 = o)™ — 2 =2
3w < o] <x? C@an
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where we keep only the dominant terms as M — oo, Taking logarithms of both sides of
{3.11), Laurent expanding and equating coefficients, we can determine the integer m and
the explicit forrn of K(v). It follows that

Tt ~ £V 20 (woydr™ (v), X < | <x? (3.12)

where

¥(v) = (—v/x'D f(xv, x*) /F (v, x%) (3.13)

and f(p, g) is defined by (2.4b). From (3.10a)} and (3.12), using (3.4) with (3.5), we can
consistently determine the leading behaviour of Tiy..(v) for all v. Furthermore, (3.12)
reproduces (3.60) in the x — 0 limit, These facts show that (3.10a) and (3.12) give the
correct leading behaviour of Tipa.(v) as M — oc.

Next, we investigate the finite-size comection terms of Tjy..(v) as M becomes large.
Consider the annulus x'/2/w < |v| < x~/2, where the second term is exponentially smaller
than the unity in the right-hand side of (3.4). Taking logarithms of both sides of (3.4),
Laurent expanding, and equating coefficients, we find that

In Tiggoe (v) = *’“f ~——-J(v/x”2u YIn[1 + T (x%0)] 2w < p| <x”12
(3.14)

where C is a circle in x/2/w < |v| < x~1/2 and J(v) is defined by

1 & fxnfyn gnliyn
JU) == . 3.15
) 2+§(1+xn + I-I-x") (3.15)

For large M, using (3.12), we estimate the Iogarithm in the mtegrand it the right-hand side
of (3.14) as .

(1 + T (x*0)] ~ £V 29 rwv')F™ (xv') (3.16)
and integrate (3.14) by the method of steepest descent. It follows that
T (¥) ~ 1% a(V20Y wu ™ (xog) + - -- PP w < v <x7H2 (3.17)

where v is a saddle point of |¢ (xwv')¥"(xv")|, given by

L1y PO EDFev, 23 f w22 F(—xwv', x7)
L = R T f xv, D F (w2 fewd, 7) -~ (G-182)
with the condition
v=—ljw 6 =x/2 (3.18b)

The explicit form of o (v}, which is determined from J(v) and the derivatives of w(v), is not

important here. Since |¥ (xwv,)¥ " (xv:)| < 1, (3.17) shows that Tm +(v) are asymptotlcally
degenerate as M — oc.
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Now, setting v = 1, we calculate the anisotropic interfacial tension. When M and N
become large (1 « M K€ N & M (xwu )y ~"™ (xv5)), using the triplet of the largest
eigenvalues T+ (1)} and Tix (1), we can estimate the partition function Zyn(@.) in (3.2)
as :

Zun(6:) = (O[TE (D101} ~ Y {001p) T, (1) (pI01)
p=%.X

~ {{O0[+}+{01) + (00—){—[01)} + ({001} {+101) — (00]—)(—[01}}
x (N ~ Da()V29M (xwu) §™ (xvs) + (001 X) (X |OD TR + - -+
(3.19)

Note that Tpy.x (1) is a negative eigenvalue: from (3.7) it follows that, as M —> o0, Tigx (V)
is of the form :

Tirx(v) = =1 -i—O{x'SM) xsz <y < x=t {3.20)

with 2 > Q. The asymptotic behaviour of Zyn(91) is expected to occur regardless of
whether N is even or odd, which suggests that the contribution from the third term is very
small in the right-hand side of (3.19). In the n — 0 and oo limits {00{X) is exactly zero.
For general n, numerical diagonalization of T{(1) for finite-size systems shows that

(i) (00| X) decays to zero more rapidly than the finite-size correction terms of Tiy.4(1)
as M becomes large (numerical diagonalization also shows that the first term is negligible
in the right-hand side of (3.19)); .

(ii) for large M, {00+ (+|01) (> 0) and {00{—){—|01) are equal in magnitude and
opposite in sign.

The facts (i) and (if) are consistent with (3.9) and (3.8) in the x — O limit, respectively.
Although we cannot rigorously prove them we are certain of the properties (i) and (ii).
Using these properties in the right-hand side of (3.19), we obtain for sufficient large M and
N

Zuw(01) ~ 2VIN OO OV ()P (rwv) § 7™ (xv,). 3.19)
On the other hand, the partition function per face is calculated as |

k= lim Tl =1. (321)
Substituting (3.19) and (3.21) into (3.2), we get
y(F — 818.)/ksT = cos@y In(v,) +sind: ny(wv)  0<0L <x/2. (3.22)

Combining the result of the inhomogeneous system (B), and using the relation y (F — 8|6, 4
) = y(F — §|6.), we find that (3.22) is analytically continued into —w < 8; < m, with
vs regarded as a function of 8.
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3.3. Equilibrium crystal shape

We are in a position to derive the ECS in this regime. Here, we assume that a droplet of a
solid phase is embedded inside a sea of the fluid phase (or vice versa). Replacing y (S —35)
by ¥{F — 8) in (2.8), and substituting (3.22), we obtain

AX/kaT = Invr(v) AY/keT = Inyr(wyy). (3.23)

Similarly to (2.9), it is found that (3.23) can be rewritten in the symmetric hiquadratic
relation (1.1a), with the two coefficients A5 and AS™ replaced by

AY" = wfi(xw, x%) /x" f2(w, x%)

(3.24)
AFY = —w'2 £3(x, x7) Fw?, X1 /x7? FPw, 23 f (xw, £7).
The elliptic function ¥ (v) is essentially the sn function which naturally parametrizes the
symmetric biquadratic relation (1.1a). Compare (3.24) with (4.22) of [7]. It follows that
(3.23) corresponds to the ECS of the eight-vertex model with

a(SVJ — w/xlfz x(3‘t’) — x‘»/z (3.25)

where the variables of the eight-vertex model 2®" and x®) are defined by (4.18%) and
(3.5) of {71, respectively.

3.4. Anisotropic correlation length

To find the anisotropic correlation length, we repeat the analysis in section 2.3. Suppose
a sufficiently large lattice of M columns and N rows with periodic boundary conditions
in both directions (M = N = 0 (mod 2)). Using the expression (2.14"), we estimate the
asymptotic behaviour of the pair correlation function between the site (0,0) and the site
(1, m) from the ratios between the largest and next-largest eigenvalues of the transfer matrix
T(w) and those of the shift operator T(1); the transfer matrix T(w) is defined by (2.1}, with
the five Boltzmann weights ws parametrized by (3.14) of [10] with0 < w < x < 1; and
T(w) reduces to the shift operator in the w — 1 limit. The explicit forms of the eigenvalues
of T(w) were determined in section 3.1 of BP [I1]. Substitute them into (2.14/). It follows
that

1 9 1\
~ = lim = J'ln[(—-—_) El-ff % o, o
E  Imce | 4 ey =1 d ldz1=1 d

X [W(w/dmlf"(l/dx)]’[w(W/dz)llf”(l/dz)]’} (3.26)

where ¥(d) = —ir(x'/2d) and n = m/| = tan §,. Calculating the integral in the right-hand
side of (3.26) by the method of steepest descent, we find that

V/E =29(F — 8}/ kT forall ;. 3.27)

The thermodynamic relation (3.27) is an extension of (2.46) in BP.
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4. Summary and discussion

We calculated the anisotropic interfacial tension of regimes I and IV of the hard-square
model defined by Baxter. In regime IV we have investigated the interfacial tension ¥ (S —§)
between the two ¢(2 % 2) ordered solid phases, and in regime HI the interfacial tension
¥ (F — 8} between the disordered fluid phase and a c(2 x 2) ordered solid phase. From the
calculated anisotropic interfacial tension we obtained the ECSs via the Wulff construction.
In both regimes it was found that the ECS is represented by the symmetric biquadratic
relation (1.14), which is the same ECS that the eight-vertex model has. Thus, the ECS (1.1a)
is quite general. As shown in the analyses of the eight-vertex model and the hard-squaré
models, the ECS (1.1@) provides a characteristic expression for the interfacial tension: the
sn function which naturally parametrizes the symmetric biquadratic relation (1.1a) appears
in the expression of the interfacial tension. Besides the eight-vertex and the hard-square
models, the interfacial tension of the magnetic hard-square model [13] and the Sogo—
Akutsu—Abe (8AA) model [14] was calenlated along a special direction by a standard transfer
matrix argument. There, elliptic functions in the expressions of the interfacial tension are
also (essentially) the sn function. It is strongly suggested that the ECSs of the magnetic
hard-square model and the SAA model are the symmetric biquadratic relation (1.1a).

For regimes Il and IV we showed a thermodynamic relation between the anisotropic
interfaciai tension and the anisotropic correlation length, the form being

1/ =2 /kgT for all directions 4.1)

where the anisotropic interfacial tension is denoted by y, and the anisotropic correlation
length by £. It is known that a simple thermodynamic relation like (4.1) usually holds
between the interfacial tension and the correlation length [3,5, 13-16].  Therefore, the
expression for the correlation length can give useful information about the ECS. We make
an addition to the above argument; in [17], the correlation length of some solvable models
was calculated along a special direction. The correlation length of the solvable models
is represented by the use of (essentially) the sn function. From this fact, assuming the
thermodynamic relation (4.1), we also expect that the ECSs of the solvable models will be
the symmetric biquadratic relation (1.12). To conclude, we expect that (1.1a) is a universal
shape which appears as the ECSs of a wide class of models. Further study of (1.1a) is
desirable.

Finally, we considered the critical limit of the ECS (1.1a) for the eight-vertex model and
regimes II and IV -of the hard-square model. The behaviour of the coefficients A3, A4 of
the eight-vertex model (respectively regimes I, IV) in the critical lirnit is given by (4.22)
of [7] (respectively (3.24), (2.10)) with J — oo (respectively x — 1, —1). It is convenient
to use the conjugate modulus transformation (A.65) of [7]. (See also section 3 of [10] and
ch 15 of [3].) Noting that A — 0 in the critical limit, we find that

(X + ¥Y?/ cos* (mu/22) + (X — Y)2/ sin®(ru/20) o 6463 TS (4.2)

where u is the spectral parameter and A is the crossing parameter; in [7] # and ) parametrizes
the Boltzmann weights of the eight-vertex model by (2.1), and later, for calculational -
convenience, # is rewritten as up; for the hard-square model # is related to w by (3. 10) of
[10], and A = 7/5.

When the interactions are isotropic, two-dimensional lattice models are conformally
invariant at the critical point [18]. If we consider such a conformally invariant model on a
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lattice of M columns and ¥ rows (1 <« M <« N) wound on a torus, it can be shown that
the partition function Z must be of the form

InZ ~ MNF + (wc/6)(N /M) (4.3)

where f is the free energy per site (or face), and c is the conformal anomaly. For most
anisotropic systems, where the conformal invariance is restored by a suitable anisotropic
rescaling of length, (4.3) is modified as [19]

InZ ~ MNf + (me/6)(N/ M) ™2 (4.4a)
I'? = y%cos’ 8 + y~2sin’6 {4.4b)

where y2 represents the required rescaling, and @ is the angle between the vertical axis
and the direction along which the system is rescaled. For the eight-vertex and hard-square
models, (4.2) shows that

y? = sin{mu/28)/ cos(mu/24) 8 =m/4 (4.5a)
Substituting (4.54) into (4.4b), we get
I = sin™! (ru/A). (4.5b)

Kim and Pearce (KP) [20] discussed I'? from several solvable models, using the cormer
transfer matrices. They showed that (4.5b) is a general expression satisfied by the eight-
vertex, hard-square, magnetic hard-square, and the g-state Potts models. For the eight-vertex
and hard-square models, the expression (4.55) is closely related to the symmetric biquadratic
relation (1.1#) through parametrization by the Jacobian elliptic functions. This fact renders
the ECSs of the g-state Potts models, which are not solvable except at the critical point,
extremely interesting. I hope that this problem will be clarified in a future publication.
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